Three families of exact solutions for 2-dimensional gravity minimally coupled to electrodynamics are obtained in the context of R = T theory. It is shown, by supersymmetric formalism of quantum mechanics, that the quantum dynamics of a neutral bosonic particle on static backgrounds with both varying curvature and electric field is exactly solvable.
I Introduction
It is well known that Einstein's gravitational theory in 2-dimensions is trivial. This is because the Einstein tensor is identically zero for all 2-dimensional metrics. Consequently, the Einstein equations require the energy-momentum tensor to be vanished and this result is inconsistent with some non-trivial matter configurations [1] . Also, in the mathematical language the Euler class χ of a compact and 2-dimensional manifold M with boundary ∂M is defined by [2] 
where R is the Ricci scalar and K is the trace of the extrinsic curvature K ij . Therefore, if we demand more useful information on a 2-dimensional space-time a different gravitational action is required. An interesting action for 2-dimensional gravity has been derived in the context of string theory [3] . However, despite the string theory approach it has been recently shown that gravity in 2-dimensions is not necessarily trivial [1, 4] . Of particular interest among these new approaches is the R = T theory of 2-dimensional gravity in which the scalar curvature R is equal to the trace of the energy-momentum tensor T [1, 4] . This theory has provided some remarkable classical and semi-classical results such as: well defined Newtonian limit [5] , black hole solutions [4, 6] , gravitational radiation, FRW cosmology, gravitational collapse [7] , black hole radiation [8] and their thermodynamical properties [4] . On the other hand, there are some similarities between 4-dimensional and 2-dimensional gravity. Therefore, the study of classical and quantum behavior of R = T theory of 2-dimensional gravity may help us to get a deeper insight into the problems involved in 4-dimensional gravity.
In this paper 1 , we find families of exact solutions of 2-dimensional R = T type gravity minimally coupled to electrodynamics. Then, we investigate the quantum dynamics of a neutral bosonic particle on the obtained class of static solutions by using the supersymmetric quantum mechanics and obtain the energy spectrum and eigenfunctions exactly. In section II and III, we introduce the model and obtain three families of exact solutions for : a) 2-dimensional manifolds with constant curvature and varying electric field, b) 2-dimensional manifolds with varying curvature and constant electric field, and c) 2-dimensional manifolds with both varying curvature and electric field. Then, in section IV the quantum dynamics of a neutral bosonic particle on the obtained static backgrounds with both varying curvature and 1 We use the units in whichh = c = 8πG = 1.
electric field is investigated in the context of supersymmetric quantum mechanics. The paper ends with a brief conclusion.
II The model
It is well known that in two dimensions one can write locally the metric in the form [9] g(X) = e
where X := (t, x) and φ(X) is a scalar field. The Ricci scalar for the metric (1) is given by
Now, we put the matter as a Maxwell field with strength tensor F µν (µ, ν = 0, 1) on the above two dimensional Lorentzian geometry. We are interested in R = T theory of 2-dimensional gravity in which "T " is the trace of electromagnetic energy-momentum tensor given by
where |ǫ| = 1 and its sign is arbitrary. The T αβ in Eq (3) is the special case of one which was already considered by Mann et. al. [6] for charged point particles.
The coupled Einstein-Maxwell field equations are as follows [6] 
where the first is the Einstein gravity in 2-dimensions and the second is the Maxwell equation in 2-dimensional curved space-time from which the current conservation is easily derived. We note that the electromagnetic field F µν in 2-dimensions has only one independent non-zero component as electric field namely
Therefore, considering the form of strength tensor F µν in Eq (6) the trace of energy-momentum tensor (3) is obtained as
Substituting the scalar curvature (2) and the trace (7) into equation (4) we have
III Three families of exact solutions
Now, we classify the solutions of Einstein-Maxwell field equations in three categories:
a) 2D manifolds with constant scalar curvature and varying electric field
Assuming the constant scalar curvature R(X) = R 0 and considering equation (4) we find the varying electric field as
In equation (9) the parameter ǫ is suitably chosen so that for negative or positive scalar curvature R 0 the electric field is always a real quantity. In this way, for R 0 < 0 (one-sheet hyperboloid or a half plane) and for R 0 > 0 (a strip or a half plane) we should correspond T < 0 and T > 0, respectively. Using (9), equation (8) becomes
which is known as Liouville equation [10] . It is worth noting that equation (10) was considered, at first, in the study of pure mathematical theory of 2-dimensional surfaces with constant curvature and is derived here through the physical R = T theory of gravity in 2-dimensions with constant curvature. Of course, it is not so surprising because in the matter coupled gravity theory here, with dynamical variables g µν , F µν and φ, the condition R = T may give rise to a dynamical equation in gravity (geometry) sector with variables R, φ, and by taking a constant value for R it falls into the Liouville's mathematical context. In other words, equation (10) General solutions of equation (10) is given by [11] φ(x
where
Substituting the solutions for φ, eq (11), into equations (1) and (9) the metric solution and electric field are explicitly obtained with respect to arbitrary functions A ± (x ± ) as
Using equation (5) one can easily show that the covariant current J µ corresponding to the solutions (12), (13) vanishes. The metric (12) describes a family of 2-dimensional Lorentzian manifolds with the same constant curvature R 0 . In [11] it was shown that all 2-dimensional Lorentzian manifolds with the same constant curvature are locally isometric. Therefore, as a result, it may be said that all metrics defined by (12) are locally isometric.
b) 2D manifolds with varying scalar curvature and constant electric field
In this case, by assumption of a constant electric field as E(X) = E 0 equation (8) is written as
As before, one can show that general solution to equation (14) is given by
where B ± (x ± ) are arbitrary functions of their arguments. Considering the solution (15) the metric solution and the scalar curvature are given as
The current J corresponding to the solutions (16) and (17) has the components
where the functions φ are given by equation (15) .
c) 2D manifolds with varying scalar curvature and varying electric field
In this case considering equations (2) and (8) the following relation between the scalar curvature and the electric field is obtained
For each given function φ(X) one can find, using equations (1), (2) and (19), the corresponding metric solution and electric field. Moreover, the current which produces the electric field (19) is obtainable by equation (5). For example, for φ as merely a function of spatial coordinate x, namely for a static space-time, we find J x = 0 and that the static electric field is produced by J t component. The importance of 2-dimensional manifolds with both varying scalar curvature and electric field in the static case, as will be shown in the next section, is that the quantum dynamics of a neutral bosonic particle on these manifolds is solvable exactly by using the Supersymmetric quantum mechanics and Shape invariance.
IV Quantum dynamics of a neutral bosonic particle on static 2D manifolds with varying scalar curvature and varying electric field
Quantization of particle dynamics in 2-dimensions with constant curvature for both massive and massless particles was investigated in [11] . Here, our aim is to quantize the particle dynamics on the manifold discussed in part "c" of the previous section in the static case.
Quantum dynamics of a massive neutral bosonic particle is described by 2-dimensional KleinGordon equation
where m is the mass of the particle. Assuming the scalar wave function Ψ(X) as
the Klein-Gordon equation on the 2D manifold obtained by the metric (1) in the static case
Equation (20) is mathematically equivalent to one dimensional time independent Schrödinger equation. We use the supersymmetric quantum mechanics to solve this equation. In supersymmetric quantum mechanics the creation and annihilation operators are defined respectively as [12, 13]
where W (x) is called the Superpotential. The supersymmetric Partner Hamiltonians namely
where the partner potentials V ± (x) are given with respect to the superpotential W (x) as
If the partner potentials V ± (a 0 , x) (with a 0 as a constant parameter) are related according to the relation
then they are called Shape-invariant potentials [14] . In equation (23), a 1 = F (a 0 ) is a new set of parameters and the term R(a 1 ) is x independent. For shape-invariant potentials given by eq. (23) the spectrum and eigenfunctions are obtained by algebraic approach [12] . Comparing the left hand side of equation (20) with equation (21) we deduce
which relates the conformal factors e φ ± (x) to the partner potentials V ± (x). In fact, the supersymmetry and conformal degree of freedom let us to have two sets of 2-dimensional static manifolds with varying curvature
together with static electric fields E ± (x). For example, by a suitable choice for the conformal factor as
we may consider the following superpotential
where ω is a quantity with the dimension of (mass) 2 or (length) −2 in the unitsh = c = 1. Now, in order to study the one set of solutions we calculate the partner potential V − (x), by using equation (24), as
Using equation (24) we can obtain the energy and wave function [12, 13 ]
where C n is the normalization constant. The static metric solution and electric field corresponding to the conformal factor given by (25) are as follows
.
The current corresponding to the electric field (30) has the non-vanishing component
It is easy to show that for 1 − 2m 2 ω ≥ 0 the metric (29) is degenerate at
On the other hand, by calculating the Ricci scalar corresponding to the metric (29) as
we find that the geometry defined by (29) has also essential singularities at the points (32).
The general existence of these naked singular points indicates that the particle dynamics is exactly solvable in the part of the manifold not including these singular points. Finally, we point out that for each partner potential V + (x) corresponding to the conformal factor e φ + (x) we may obtain a set of static 2-dimensional manifolds with varying curvature together with non-vanishing electric field with non-trivial current distribution. Obviously, the same procedure may be exactly applied for other shape-invariant potentials given by [12, 13] .
Concluding remarks
In this paper we have found three families of exact solutions for 2-dimensional R = T theory of gravity minimally coupled to electrodynamics. By the study of quantum dynamics of a neutral bosonic particle on a static 2-dimensional space-time background we have shown that: Supersymmetric formalism of quantum mechanics leads to two disjoint sets of static 2-dimensional manifolds with both varying curvature and electric field. It is possible to solve exactly the quantum dynamics of a neutral bosonic particle on these manifolds. It seems that the study of quantum dynamics of a fermionic particle in 2-dimensional space-time may lead to 2-dimensional Lorentzian manifolds as the solutions of 2D gravity coupled to electrodynamics and also to the quantum solvability of particle dynamics on these manifolds [15] .
